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In this paper, we propose an efficient dropping criterion for IUL factorization obtained from Backward
Factored APproximate INverse (BFAPINV) and ILU factorization obtained from Forward Factored
APproximate INverse (FFAPINV) algorithms.

In this paper, notations X. ; and X . are used as the j-th column and j-th row of matrix X, respectively.

Suppose that matrix A is nonsymmetric. Also suppose that L is an unit lower triangular matrix and U
is an upper triangular matrix. Consider D as a diagonal matrix. In [2], an ILU factorization of matrix

A, which is obtained as by-product of FFAPINV [3] process, has been presented. Matrices L, U and A
satisfy relation

A~ LU.

We term this ILU factorization, ILUFF (ILU factorization obtained from Forward Factored APproximate
INverse). The following algorithm computes the ILUFF preconditioner.

Algorithm 1 (ILUFF factorization)

1. wlzef, z1=e1, di=aii..
2. for j =2tondo

wj = ejT, zj = ej.
fori=1toj—1do
Aj iz wi A,
Lji= =g~ Uy =—"*
apply a dropping rule to Lj; and to U;;

2 =z — (F)z, wy = wy — (5w

for all 1 < i apply a dropping rule to z; and to wj
end for
10. dj = wj;A. ; {not positive definite}
11. d; = ijwJT {positive definite}
12. end for
13. Return L = (L;;) and U = (d;U;j).
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Two below dropping strategies can be used to drop entries of z; and w; vectors in Algorithm 1.
o First strategy: At each step j of Algorithm 1, entries 2;; and wj; for I <4 are dropped when
21| < ez, lwji| < ew. (1)

e Second strategy: At each step j of Algorithm 1, the whole vectors

j—1 ji—1
wiA. A
zi=¢j— Y ( Zd_ L)z, wj=e¢) — Z(%)wn
i=1 * i=1 v

will be computed and then, entries z;; and wj;, for I < j, that satisfy the former dropping criterion
(1) will be dropped.
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The following proposition presents an efficient way of dropping to compute the ILUFF preconditioner
[1].
Proposition 1. Let ey,z and e, w be the same drop tolerance parameter for U, Z and L, W matrices,

respectively. Suppose that at each step j of Algorithm 1, entries L, and Uy;, for k < j, be dropped when
the criterions

ILjkllWhilly <erw, Ukl Z klloo <ev,z, (2)

satisfied. Thus, for 1 <i<j<mn
o if the first dropping strategy be applied to drop entries of Z and W matrices, then
(I = 2U)i;| <2(j —i)evz, [T —LW)jl <2(j —i)er,w-
e if the second dropping strategy be applied to drop entries of Z and W matrices, then
(I =2U)yl < (G—i+Devz, |(I=LW)ul < (G—i+Derw.

Suppose that U is an unit upper triangular matrix. Consider L as a lower triangular matrix and D as a
diagonal one. The following algorithm computes the incomplete IUL factorization

A=UL,

which is obtained as by-product of BFAPINV [4] process. We term this IUL factorization as IULBF
(IUL factorization obtained from Backward Factored APproximate INverse).

Algorithm 2 (IULBF factorization)

1. wn:ez;, Zn = €n, dn = ann-.
2. for j=n—1to1ldo
wj:eJT, zj = ej.
fori=j+1tondo

Aj.zq wi A,
Uji = =5— Lij = —3*
apply a dropping rule to Uj; and to L;;
Az,
.:%i

_ wiA:j —

zj =z — (=7, wy =w; — (5= )ws

for alll > i apply a dropping rule to z; and to wj
end for
10. dj = wj;A. ; {not positive definite}
11. d; = w]-AwJT {positive definite}
12. end for
13. Return L = (d,‘L,’]’) and U = (U”)
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Two below dropping strategies can be used to drop entries of vectors z; and w; in Algorithm 2.
o First strategy: At each step j of Algorithm 2, entries z;; and wy;, for [ > ¢, are dropped when

criterion (1) is satisfied.

e Second strategy: At each step j of Algorithm 2, the whole vectors

n

sz - A',:Zi
Zj = €5 — Z (Tj)zu wj = e’jr - Z (#)wi,

i=j+1 ¢ i=j+1 v



will be computed and then, entries z;; and wj;, for | > j, that satisfy the dropping criterion (1)
will be dropped.

The following proposition presents an efficient way of dropping to compute the IULBF preconditioner

.

Proposition 2. Let eyw and €1,z be the same drop tolerance parameter for U W and L, Z matrices,
respectively. Suppose that at each step j of Algorithm 2, entries Ly; and Ujy, for k > j, are dropped
when the criterions

Lkl Z.klloo <er.zo  Ujkl[[Whl1 < evw (3)

satisfied. Thus, for 1 <j<i<n
o if the first dropping strategy be applied to drop entries of Z and W matrices, then
(I =UW)jil <2(i = jlevw, (I —ZL)i| <2(i —jler,z-
e if the second dropping strategy be applied to drop entries of Z and W matrices, then

(I =UW)j| <(i—j+VDevw, |(I—=ZL)y| <(i—j+1)erz.
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